ON A CONJECTURE OF HIVERT AND THIERY ABOUT 
STEENROD OPERATORS 
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Abstract. We prove some results related to a conjecture of Hivert and Thiery 
about the dimension of the space of q-harmonics ([HT]). In the process we compute 
the actions of the involved operators on symmetric and alternating functions, which 
have some independent interest. We then use these computations to prove other 
results related to the same conjecture. 



1. Introduction 

The so called harmonics polynomials (or & n -harmonics) are a classical object in 
invariant and representation theory. They are the polynomial solutions to the system 
of partial differential equations 

V fc /(x)=0 forfc>l, 
where x = x±, X2, ■ ■ ■ , x n and the operators 

r-f oxf 

i=i 1 

are generalized laplacians. Since the Vfe's are symmetric, we have an action of the 
symmetric group & n by permutation of the variables. Hence the space of harmonic 
polynomials is a representation of 6„, that turns out to be a regular representation, 
whose Frobenius characteristic is (see [M] ) 

F n (t) = F n . i0 (t) = Y,sx £ t co(T) , 

Ahn TeST(n) 

where A h n indicates that A is a partition of n, s\ is the Schur function indexed by A, 
ST(X) denotes the set of standard tableaux of shape A, and co(T) denote the cocharge 
of the tableau T. 

Recently many authors have studied various generalizations of the operators V^'s, 
looking at similar spaces of polynomials. It turns out that in many situations these 
spaces have conjecturally the same Hilbert series (or the Frobenius characteristic when 
the operators are symmetric) of the classical harmonic polynomials. 

In |W97t IW981 IWOlj Wood raised several questions about the rational Steenrod 
algebra (twisted by the algebraic Thorn map), which is the subalgebra of the Weyl 
algebra generated by the Steenrod operators 

0j = X>?(l + s^; 
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for k > 1. Let's call 1-harmonic polynomials the ones killed by the duals of the DVs 
with respect to the scalar product defined by 

(/(x), 5 (x)) :=/(%(x)| x=0 , 

where /(<9) denote the differential operator obtained from /(x) by substituting the 
variables with the operators Among other things, Wood asked (in a different 
language) if the space of 1-harmonic polynomials is a graded regular representation of 
the symmetric group <B n {Rational hit conjecture). We refer to the works of Wood for 
motivations in Algebraic Topology. 

In |HT| Hivert and Thiery considered a deformed version of those operators (and 
their duals), introducing the q-Steenrod algebra. They investigated questions similar 
to the ones that Wood asked, finding interesting phenomena: consider the operators 

D k - q := qD k + V fe , 

with D k := Y%=l x i°i +1 and V k ■= TTi=idt where dj := acting on C(?)[x] := 
C(q)[xi, . . . ,x n ], and q is an indeterminate or a complex number. 
We put 

U^ q := {g £ C(g)[x] | D k , q f = for all k > 1}, 
and we call its elements q-harmonics. Also, we denote by 

^2diimr d {n x ; q )t d 

d>0 

its Hilbert series. 

Notice that the group & n acts on these spaces by permutation of the variables, since 
the operators involved are symmetric. 

Remark. Observe that for q = we retrieve the (5 n -harmonics, while for q = 1 the 
D^-i's are the dual of the Steenrod operators. In fact the idea of Hivert and Thiery 
was to "interpolate" the two situations via the coefficient q. 

In |HT| Hivert and Thiery proved the following theorem and stated the following 
conjecture. 

Theorem 1.1 ( [HTj ) • When q in an indeterminate, if we denote by [n] t l the usual 
t-analogue of ' n- factorial, we have 

Y,dimTT d (H x - q )t d « [n] t \ 

d>0 

with '«' denoting coefficient- wise inequality. 

In fact from this theorem it follows (see |BGW] ) that in this case "H X ;<j is isomorphic 
to a graded (3 n -submodule of the S n -harmonics. 

Conjecture 1. In the case where q is a variable or a complex number not of the form 
—a/b where a € {1, 2, . . . , n} and b £ N, we have the equality 

Y,dimTT d (n x . q )t d =[n] t l. 

d>0 
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In particular, in the case where q is a variable, T-L x;q is isomorphic as a graded & n - 
module to the & n -harmonics. 

Notice that in the case where q is a complex number the same inequality of Theorem 
II. H is not known even for generic values of q. 

After this work, in |BGWj Bergeron, Garsia and Wallach investigated even more 
general operators, bringing new insights in this subject. Among other things, using 
commutative algebra, they proved the following theorem. 

Theorem 1.2 ([BGWJ). For any value of q G C the dimension of the space of q- 
harmonics in n variables does not exceed (n + 1)!. 

Notice that of course the conjectured dimension for generic values of q G C is re!. 
The common feature of all these works is the appearance of a graded representations 
of & n which is conjecturally isomorphic to the classical (3 n -harmonics. 

The present work arose from an attempt to make some progress on Conjecture 1. 

1.1. First reductions. Unless otherwise stated, q will always be an indeterminate. 
We will discuss the case q G C mainly in the last section of the present work. 

We start with a general remark. Let / G 'Hyc-q- By multiplying by an element of 
C(q), we can always assume that 

/ = fo + fiq + hq 2 + • • • + f m q m 

with fi G C[x] for all i = 1, . . . , m and /o / / f m . It's easy to see (cf. |BGW] or see 
later) that fo is necessarily an 6 n -harmonic. 

Lemma 1.3. Conjecture 1 is true if and only if for any & n -harmonic g we have a 
q-harmonic f with /o = g. 

Proof. Suppose that the conjecture is true, and fix a basis gi, . . . ,g n \. We can assume 
that each gi is of the form 

mi 

9i = ^2gijq J , 

with gij G C[x] and g^o 7^ ^ gi, m . t for ah i- We can also assume that the sequence 
m := (mi, m2, ■ ■ ■ , m n \) is in increasing order. Choose a basis with minimal m with 
respect to the lexicographic order. We claim that {<?i,0) #2,0) • • • > 9n\,o} is a basis for the 
<5 n -harmonics. If not, then we can find a non-trivial linear combination 

n\ 

^ aigifi = 0. 

i=X 

But then we can replace g n \ by the linear combination 

i=l 

and after dividing by a suitable power of q we get a new basis, with a smaller m, which 
gives a contradiction. From this the "only if" part follows. 
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The other implication is similar: choose a basis {pi,o>52,o> • • • >9n\,o} of the 6 n - 
harmonics, and by using the hypothesis we can find (/-harmonics gi, ■ ■ ■ ,g n \ such that 

mi 

9% = X^jV- 

3=0 

I claim that these are independent over C(q). If not, we would have a nontrivial 
combination 

i=i 

with ati(q) £ C(q). Of course we can normalize these coefficients so that they are all 
polynomials, and at least one non-zero coefficient has non-zero constant term. But then 
the constant term of this linear combination would give a non-trivial linear relation 
among the gift's, which gives a contradiction. □ 

Prom the easy relations 

[D k . q ,D h;q ] = q(k - h)D k+h . g , 

it follows that a polynomial / is in % X ;g if an d only if 

DvJ = D 2 . q f = 0. 

This is clearly true even for q € C, q ^ 0. 

It's easy to show (see [BOW] ) that the previous two equations are equivalent to the 
following system of equations: 

V k fo = 0, 

(1) Vfc/i = -Dkfi-i for i = 1,2, ...,m, 

Dkfm = 0, 

for k = 1,2. Notice in particular that /o is an (3 n -harmonic. 

Together with the previous lemma, this shows that if for any (3 n -harmonic /o we 
are able to find /i, /z, • • • that satisfy those equations, then the conjecture is true. 

In this work we try to attack Conjecture 1 using these observations. The idea 
would be to construct the entire sequence /i, jfe, ■ ■ ■ for any /q. We only succeeded in 
constructing an f% for any fo, and the corresponding f 2 for some special (5 n -harmonic. 
We found two methods to achieve this, one computationally heavier than the other, that 
provide different solutions. We present both of them, since the hope is to eventually 
find the entire sequence fi, f 2 , ■ ■ ■ ■ 

Along the way we determine the action of the operators Vi, V2, D\ and D 2 on 
symmetric and alternating polynomials, which is of independent interest. 

In fact in the last part we will use these actions to prove some results related to the 
conjecture in the case q € C. 

1.2. Further reductions. The first goal is to show how to construct an fi for any 
S n -harmonic. Before doing that we want to show that it's enough to construct an 
/1 for /o = <9iA, where A denotes the Vandermonde determinant in the variables 
X\, • • • , x n . 
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Remark 1. In what follows we will repeatedly use the observation that any symmetric 
homogeneous differential operators that lower the degree kills the Vandermonde de- 
terminant. This is true since when we act on A with such an operator we still get 
an alternant, but of a lower degree. This forces it to be zero since the Vandermonde 
determinant is the alternant of smallest possible degree. 

Suppose that we know how to construct such an f\. By permuting its variables, it's 
clear how to construct an f\ for <9;A for all i's. Let's call it f[ l \ 

Also, remember that the partial derivatives of A span the space of © n -har monies. 
Hence by linearity it's enough to find an f\ for any of those derivatives. 

We set for any multi-index a = (ai, a2, ■ ■ ■ , a n ) £ N n 

Remark 2. We have 

[D k ,d a ] = -J2 a i da+kVi > 

where i>, € N n is the vector with 1 in the i-th position and elsewhere. Since clearly 
Df-A = (cf. Remark [1]), it follows that 

-D k d a A = aid a+klH A = ^ aid a ~^ A) . 

Hence if we set 

/? := md^fP, 

we have 

V fc /f = -D k d a A 
for all multi-indices a and k = 1,2. 

We are left with the task of computing f[^. 

1.3. Organization of the paper. The rest of the paper is organized in the following 

way: 

• In the second section we find an f\ for d\A. 

• In the third section we find an entire family of /i's, which include the previous 
one as a special case. For one member of this family we find an /2 also, but we 
relegated the computations in the appendix. 

• In the fourth section we show another method of finding an f\ and an ji for 
d x A. 

• In the fifth section we compute systematically the action of the operators Vi, 
V2, Di and D2 on symmetric and alternating polynomials. 

• In the sixth section we discuss the case q G C. We apply our formulae to 
investigate what we will call "singular" values of q. We prove that most of the 
values excluded in Conjecture 1 are indeed singular, and we finally state a new 
conjecture on these singular values. 
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2. Computation of fi for <9iA 

We want to construct an f\ = f^' for /o = diA. We can of course assume that f\ 
is homogeneous. 
We want 

v fe /i = -btd^ 

for fc = 1,2. We already noticed that [D k ,<h] = ~d\ +1 , so we can rewrite those 
equations as 

V*/i = ^ +1 A. 

We now assume that /i is of the form A^g, where A^ 1 ) is the Vandermonde in the 
variables X2, ■ ■ ■ ,x n and g is a polynomial of the form 

n-2 
3=1 

where each gj is a symmetric polynomial in X2, ■ ■ ■ , x n homogeneous of degree n — 2 — j. 
In this case we get 

Vi/i = (ViAW)p + A«(Vi^) 

(n-2 n-2 
^(v^xt + Y^jgjxi 1 
s=0 j=l 

/n-3 

= A«K](V l9s + ( S + l) 5s+1 )xj 



where the second equality holds since ViAW = 0. 

We fix the notation e k := ek(x2, ■ ■ ■ ,x n ), which will be used also in the following 
sections, except the last one. We start by recording some easy identities: 



Vie fc = (n-fc)e fc _i; 

(2) V{e k = (n-k)(n-k + l)---(n-k + s-l)e k - s for s > 1; 

Vie^ = a(n- /c)e^- 1 e fc _ 1 ; 

V^efc = for all h>2. 



We have 



\ 3=2 
/ n-1 



— x;- 
3=0 
n— 3 



A « ^(_i)3( n _i_ J - )(n _2-j)e J ^ 



n-3-j 



^3=0 
^ n— 3 



A (D ^(_l)n-3- S(s + 2 )( S + l)e n _ 3 _^ 



\s=0 / 

Equating the coefficients we get the system of equations 
Lemma 2.1. 

(CI) (-l) n - 3 - s (s + 2)(s + l)e n - 3 - s = V igs + (s + l)g s+1 for s = 0, 1, . . . , n - 3. 

This system can be integrated in many ways. We now use these equations to write 
all the gj's for j > 1 in terms of V^o f° r h > 0. 

Lemma 2.2. For s = l,2,...,n-2 we Ziaue £/ie following formula: 

(•) <? s = (-l)"- 2 - s (s + l)se n _ 2 _ s + ^V s l50 - 

Proof. First of all notice that for s > we can write the equations ()Cip as 

= (-l) n " 3 - s (s + 2)e n „ 3 - s - ^tVi<7 s . 

s + 1 

We proceed by induction on s, the case s = 1 being just equation (|C1|) . Assume that 
the result is true for s > 1. Then we have 

9s+i 

S "t" -i 

(-1) 



l) n - 


- 3 - s (s + 2)e„_ 3 - s 


s + 1 


l) n - 


- 3 - s (s + 2)e„_ 3 - s 


_ s ; iVl ((-D»— 


l) n - 


- 3 - s ((s + 2) + s(s 


f-F) s+1 

+2 » e »-=- + (s+ i). 


l) n - 


- 3 - s (s + 2)(s + l) 


^ + U ) l)! V ? + ' 



a: 

Vf +1 5 o 



□ 
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Of course to find what we want, we need to take into account the other set of 
equations coming from V2/1 = dfA. We have 



E^/i = E((^ A(1) )^+ A(1) (^) + 2 ^ A(1) -^) 

1 = 1 8=1 

n 

= (V 2 A«) 5 + A^(V 2 g) + £ 2(d i A« ■ d l9 ) 

i=l 

n 



i=2 



Dividing by A^ we get 



i=l i=2 \ / 

n 

= v 25 + 2EfeiogA( 1 )-a i5 



i=2 
II 



i=2 \ 2<j<n, j+i 1 3 

V 2 <? + 2 V -J—^-a,.)^, 

2<i<j<n J 



where X^P) 1S equal to 1 if the proposition V is true, otherwise. 
Setting 



X <i X n 



we have 



n— 4 

= £ ((V 2 + 2P 2 ) 5s + (a + 2)(a + l)g a+2 ) x\. 



s=0 



On the other hand we have 

8'fA = AW ^df Y[( X1 - Xj) 

(n-l 
j=0 

n— 4 



n-4-j 



= A' 1 ' • ]T(-1)> -l-j)( n -2-j)(n-3- j)e 3 x\ 
j=0 

n— 4 

= A« • + 3)( S + 2)( S + l)e„_4_ s x?. 

Equating the coefficients we get the following system of equalities: 
Lemma 2.3. 

(C2) (-l)"- 4 - s ( s + 3)(a + 2){s + l)e n _ 4 - s = (V 2 + 2P 2 )g s + ( s + 2){s + l)g s+2 , 
for s = 0, 1, . . . , n — 4. 
We study now some properties of the operator P 2 . 
Lemma 2.4. We have the following identities: 

(3) P-i&k = - ( n ^ + 1 )e fc _ 2 ; 



P 2 e h k = hel~ 1 P 2 e k = -h(^ \ + l \ e^ 1 e k „ 2 . 

(i) 

Proof. If we denote by e k the elementary symmetric function of degree k in the vari- 
ables {x 2 , . . . ,x n }\ {xi}, we have 

die k — dje— 1 ■ 

Consider the difference 

9%e k — dje k = e fc _ 1 — e k _ v 

(i) (i) 
The monomials in eL_i that don't involve Xj are cancelled by the ones in e k _ 1 that 

(i) 

don't contain i; while the monomials in e k _ x that involve Xj can be paired with the 

ones in e k _-, that involve Xi, to get a factor Xj X 2 1 SO that when we divide by Xi — Xj 
we are left only with the negative of a multiple of e k _ 2 . 

To see what this multiple is, it's enough to count how many times the monomial 
x 2 x% ■ ■ ■ Xfc_i appears: this number is the number of ways of choosing i and j in {k, k + 
1, . . . , n}, which is what we wanted. 

The second identity follows from the first one and Leibniz rule. □ 

Lemma 2.5. If g is a symmetric polynomial, then 

[Vi,P 2 ] 5 = 0. 
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Proof. It's enough to check this relation on the monomials e\, where A denotes as 
usual a partition, since they form a basis of symmetric polynomials. Using repeatedly 
Leibniz rule we reduce ourselves to check the identity on the e&'s. But this follows 
immediately from the identities ([2]) and ([3]). □ 

Substituting (jsj) in (|C2j) and using the previous lemmas we get 

(_i r -4-s (s+3)(s+2)(s+1)en _ 4 _ s = 

= (V 2 + 2P 2 ) ( (-l)"- 2 - s ( S + l) a e„_ 2 _ s + t^V? 5o 



+ (s + 2)( S + 1) ((-l)"- 4 -^ + 3)( S + 2) e n _ 4 _ s + i-^V*+ 2 5o ) 



2(_l)«-3-^( s + i) s ( s ; J ) en _ 4+s + ^(V 2 + 2P 2 )V 1 <? 



s + A „ , (- 1 ) 4 

2 

+ (_i)»-4-( a + 3 )( s + 2) 2 ( S + 1) e n _ 4 _ s + i^l!vf 2 <7o 

= (-l)«-3-( s + 3)(a + 2) (a + l)se n _ 4+ , + ^p(V 2 + 2P 2 )V? 5o 
+ (_l)»-4-( s + 3 )(a + 2) 2 ( S + 1) e n _ 4 _, + ^V*+ 2 5o 



i! 

-1)- 
s! 

from which we get the following system of identities: 



2( _ 1)n _ 4 - s(s + 3)(s + 2)(s + 1)gn _ 4 _ s + i_^ v s (V2 + + V 2 )50; 



( _ 1)n _ 4 - S(s + 3)(s + 2)(s + 1} gn _ 4 _ s + Lil! Vl (V 2 + 2P 2 + V 2 ) 9o = 

for s = 0, 1, . . . , n — 4. 
These equations can be rewritten in the following form: 

Lemma 2.6. 

V^(V 2 + 2P 2 + V^go = (-l)"- 1 ^ + 3)! e n ^ s 
for s = 0, 1, . . . , n — 4. 
Notice that by ([2]) we have 

V\e n - 4 = 4-5 (s + 3)e„_ 4 _ s = ^(s + 3)!e n _ 4 _ s , 

hence 

(V 2 + 2P 2 + Vj)go = (-l) n - 1 6e n _ 4 
would give a solution to all our systems. 

Remark 3. It's straightforward to check that 

(V 2 + 2P 2 )e fc = for all k. 
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Since also V 2 efc = for all k, we must look for a go that involves e\ with partitions 
A consisting of at least two parts. 

In the following calculations we will use identities ([2]) and ([3]); remember that the 
efc's are in the n — 1 variables X2, ■ ■ ■ ,x n . 

2P 2 (e n - 3 ei) = 2P 2 (e n _ 3 )ei + 2e n _ 3 P 2 (ei) = -12e n _ 5 ei; 



V? (e n _ 3 ei) = (V?e n _ 3 )ei + 2Vie n _ 3 Viei + e n _ 3 (V?ei) 
= 12e n _ 5 ei + 6(n - l)e n _ 4 ; 



V 2 (e n _ 3 ei) = ^(c?fe n _ 3 )ei + 2 ^ djdn-zdi&i + e n - 3 (df e{) 
i=2 «=2 i=2 

= 2Vie n _ 3 = 6e n _ 4 . 

From these we get 

(V 2 + 2P 2 + V?)e n _ 3 ei = 6ne n _ 4 . 
Hence our solution will be 

(-If- 1 

9o '■= e n _ 3 ei. 

n 

Now we want to make formula (jsj) more explicit. 
Lemma 2.7. For s > 1 we have 

r-?s i \ (s + 2)! , (s + 1)! , n . 
Vi(en_3ei) = e n - 3 - s ei H s(n - l)e n _ 2 _ s . 

Proof. By induction on s, the case s = 1 being clear. We assume the formula true for 
s > 1. We have 

/(s + 2V fs + lV 

V^en-sei) = Vi ( V 2 y, e ra - 3 _,ei + V 2 ; ' s(n - l)e n _ 2 _ 

y '-((Vie„_ 3 - s )ei + e n _ 3 _ s (Viei)) + - ; ' s(n - l)Vie n _ 2 _ 



2 

(g + 3)! , (a + 2)! , (a + 2)! 

- e n _ 4 _ s ei H - (n - l)e re _ 3 _ s H - s(n - l)e„_ 3 _ s 

(^ + 3)1 , {8 + 2)1 , 

e„_ 4 _ s ei H (s + l)(n - l)e n _ 3 _ s . 



□ 



li 



Plugging these formulae into {•} we get for all s > 1 

9s = (-i)- 2 -( s + i) sen _ 2 _ s + izil!v^o 



(_l)»-2-( a + l) s e „_ 2 „ s + L_2. V? ^ e n _ 3ei 



s! \ n 

= (_l)-2- (s + 1)seri _ 2 _ s + 

(_l)n+s-i n s + 2 )\ ( s + i)! 

+ n e TO - 3 -sei + - s (to - 1 e n _ 2 - 

s\n \ 2 2 

l) n - 2 - s (s + 1)8 e n ^ s (-l) n - l - s (s + 2)(s + 1) e re _ 3 - sei 



2n ) x ' v 7 V 2ri 

(_l)n-2- S / / s + 1 \ / s + 2 



?? 



(n + 1) ( 2 ) e n - 2 - s - ( o ) e n -3-sei 



We follow the convention that the binomial "to choose fc" is when n < k, hence this 
formula works for s > 0. 

Putting everything together, we get the formula 

f fW a (l) (— l) w ~ 2 ~ s /s + l\ / 5 + 2\ \ s 

h = f{ = & K ' 2^, I ( n + !) ( o ) e ™- 2 -* " o e„_ 3 _ s ei j x x . 



TO 
=0 



Encouraged by this promising first step, we tried to pursue our methods to compute 
an /2 for our f\. Notice that this / 2 would work only for djA, and not for a general 
© n -harmonic, since the other reduction that we did for f\ doesn't work for / 2 . 

With some patience and stamina we went trough our computations, to finally realize 
that we couldn't find an fi for all values of n in this way. But not all efforts were lost: 
some of those computations are now part of the fifth section! 

Looking back at the work in the present section, we realized that something more 
general could be done. 

3. A FAMILY OF /i'S FOR <9iA 

When we constructed our explicit f\ we had to solve the system of equations 
(V 2 + 2P 2 + V 2 )<?o = (-l) n - 1 6e n _ 4 . 

Of course the solution that we had found was not unique. In fact there are infinitely 
many solutions to this system. In this section we construct a whole family of solutions. 
Of course we are going to use much of what we did in the last section. 
We need the following identities: 

Lemma 3.1. For k > h we have 

V 2 (e fc e 2 ) = 2 (to - k)e k -\e\ - 2ke k ; 

(V 2 + 2P 2 )e fc e 2 = 2(ra-A:)(n-2)e fc _ 1 e 1 ; 

(V 2 + 2P 2 + V 2 )e fc e 2 = 2(n - k)(n - l)e fc _iei - 2ke k ; 

(V 2 + 2P 2 + V 2 )e k e\ = An{n - k)e k _ x e x + 2n(n - l)e k . 
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Proof. The first identity is a special case of a more general formula that can be found 
in the fifth section with its proof. The second one follows easily from remark ([3]). The 
third one follows from the previous two. The last one is a special case of previous 
identities. □ 



We can now look for a solution of our system. We assume that go is of the form 

go = ae n _ 4 e 2 + &e n _ 4 e 2 +ce n _ 3 ei, 

where a = a(n), b = b(n) and c = c(n) are indeterminate coefficients. 
We have 

(V 2 + 2P 2 + V 2 )g = a(8(n - l)e n _ 5 ei - 2(n - 4)e n _ 4 ) 
+ 6(16n e n _ 5 ei + 2n(n - l)e n _ 4 ) 
+ c6ne n _ 4 , 

from which we get the two equations 

a8(n-l) + 616n = 0; 
-a2(n-4) + 62n(n-l) + c6n = (-l) n_1 6. 

Solving for a and b we get 

6((-l) n " 1 -cn) b _ 3(n-l)((-l)"- 1 -cw) 
n 2 — 7 n(n 2 — 7) 

where c can be any number. Hence we get the family of solutions 

SU-iy- 1 - cn) 3(n - lMt-iy 1 - 1 - cn) 2 

go,c = n — = e n _ 4 e 2 H y-y — -r e n _ 4 ej + ce n _ 3 ei. 

ra z — 7 n(n z — 7J 

Observe that in the previous section we got go- c for c = (— 

We record the following two identities, which are just consequences of the identities 
that we already established and Leibniz rule: 



Lemma 3.2. 



V 1 e ri ,_ 4 e 2 = — - — e n _ s _ 4 e 2 + s(n - 2) — - — e n _ s _ 3 ei 

+ -\-^(n-l)(n-2) y -^e n . s - 2 ; 

V s e 2 _ (g + 3)! s r n (s + 2)! c , ei 

Vie n _ 4 e 1 — — e n _ s _ 4 e 1 -t- zs^n — ij — e n _ s _3ei 

+ s ( s _!)(„_ 1)2 (i+il! ere _ s _ 2 . 
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Hence we have 



6((-l)™- 1 -cn) /(a + 3)! , ,(* + 2)! 

Vi3o;c = n 2 -7 I — 3! — e n-s-4e 2 + s(n - 2) — - — e n _ s _ 3 ei 



+ i^(»-l)(n-2)(i±^ e „_,_ 2 

+ 3(„-l)(( -T--..I ( W + ,,(„ _ !) (i±^e„_,_,e 1 

n(n z — 7) \ 3! 3! 

+ s(s-l){n-l) 2 K 3 , ' e n - s - 2 

( {s + n (a + l)! 
+ c I e n _ 3 _ s ei H s(n - l)e„_ s _ 2 

6((-l) w ~ 1 - cn) (g + 3)! 3(n- l)((-l) w - 1 - cn) (a + 3)! 

n z — 7 3! n(n z — 7) 3! 

/ ((-I)™" 1 -cn) , . (n-lXf-l)™- 1 -cn) . . c\ , 

+ -o — = -s(n-2 +^ A / is(n-l) + - s + 2 !e 

V n 2 - 7 n(n 2 - 7) ' 2J K ' 



,_ ((-'r--c B ).(.-. ) ( „_ 1)(n _ 2) 



+ — (n-1) +c^— j( S + l)!e n _ s _ 2 

((_!)"-! _ cn ) ( n _l)((_l)n-l_ cn ) 

= - 2 = s + 3 !e n _ s _ 4 e 2 + ^ ^ \ 2 > >-(s + 3 !e n _ s _ 4 e 2 

n z — 7 2n{n z — 7) 

( s{{-l) n - 1 - cn) c\ . 

+ { n(n 2 -7) j + 2j (S + 2)!e — 361 



+ ( ^ g _ + c __]( a + i) !cB _ s _ 2 . 



Finally for s > 1 we have 



9s;c = (-l)«- 2 - s ( s + l) sen _ s _ 2 + iJllv 

|( (_ l)n-l_ cn) 

n 2 — 7 



l) a U 1 2 , + 3)(s + 2)(« + l)e n _ s _ 4 e 2 



, ,An- l)((-l) n " 1 -cn), w 9 
+ (-I)" ^ (to2 _ 7) ^( S + 3)( S + 2)( S + l)e n _ s _ 4 e 2 

+ c-ir( u ra( ^ 2 _ 7) , + - 2 )(s + 2) {s+ i)c n . s . 3ei 



( 1V » I ((- 1 )" 1 -cn)s{s-l)n-l s(n-l) » 
+ ( ^ly 2 n - + 5 + s ( _1 ) J (* + l)en- a -2- 



From this we could write a formula for /i ;c 



ii 



At this point we looked for a value of c for which we could find an f 2 . In the end 
we found exactly one for each value of n: 

= , 1)n -i 2(2n 3 -2n-3) 
1 ' 3n(n-l)(n 2 + n + 2)' 

We relegated the derivation of the value of c and the computation of the corresponding 
/2 in the appendix, since the calculation is quite long. Reading the appendix should 
make clear that these methods can't be pushed much further without a tremendous 
stamina. 

In the next section we show instead a different method to get other /i's. 

4. Another computation of fi 

We want to find an f\ for djA. In fact we will prove something more. First of all 
we make the following simple observation: from the obvious ViA = (see Remark [T]) 
we get 

vS j) A = -djA, 

where Vf denotes the sum of the partial derivatives with dj omitted. 
We assume that f% is of the form 

/! = (ax j + be[ j) )d a A, 

with a and b coefficients to be determined. Applying Vi we get 

Vi/i = (a + (n-l)6)d a A, 

while applying V2 we get 



V2/1 = 2Y,d i (ax j + be[ j) )d l d a A 



2adjd a A + 2bd a V i ( ) A 
2(a - b)djd a A. 



Since the matrix 



1 n-1 
1 -1 



is invertible for every n > 1, we just showed how to construct a solution of the system 
of equations 

V1/1 = cd a A, 
V 2 /i = ddjd a A 

for any coefficients c and d and any j. All this together with the observations in the 
first section takes care of the f±s. 

We indicate here how one could proceed to get an /2 such that 

V1/2 = -Dih 
V2/2 = -D 2 f u 
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for = {ax\ + be^)d 2 A. We have 

n 

-DtfW = -2^x i 5 l (axi+6eS 1) )5 i ^ A 

n 

= -2axid{A - 2b ^ xAdfA. 

i=2 

Now if we set g = d 2 YYl =2 (xi — Xi) we have 

n I n \ n 

i=2 \i=2 / i=2 



n — 1 
2 

re 2 — re — 4 



<9 2 A + (n - 3)d 2 A + xidfA 
d?A + xi^A. 



Hence 
Also 



2 



-.Di/f 15 = -2(a + b) Xl dfA - b{n 2 - re - 4)d 2 A. 



Now 



-D 2 f[ 1] = -^Xidiiax^be^dfdfA 

i=l 

/ n N 

= -3ax\dfA - 3bdf ( ^ x;d 2 A 



J>,9 2 A = 2Y,d i A^x i d i g 

i=2 i=2 

= A {1) 2P 1 g = x 1 d\A, 



hence 



-D 2 f[ l) = -3(a + b) Xl d\A - 6bdfA. 

Since we already know how to take care of the terms —bin 2 — n — 4)<9 2 A and —6bdfA, 
it will be more than enough to solve the following more general problem: 

Vi/ 2 = ax^A + be^d^A 
V 2 / 2 = c Xl d* +1 A + de^d^A, 

where a, b, c and d are coefficients, and k > is an integer. 
Assume that f 2 is of the form 

f 2 = {ax\ + bx ie f ] + c(ef } ) 2 + de^Jflf A + (axi + Se^Jflf^A, 

where a,b,c,d,a and 6 are coefficients to be determined. 
Now 

V1/2 = ((2a + (n - l)6)xi + (6 + 2(re - l)c + (n - 2)d)4 1) )<9j c A + (a + (n - 1)S)^- X A, 
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while 

V2/2 = (2a + 2(n - l)c)fl?A + 2(a - b)d\A 

+ (4axi +26eS 1) )5 1 fc+1 A 

+ (26xi + 4cef ) )v£ 1) 0fA 

n-l 

+ d# E(- 1 ) s+n_lv 2(4 1) i 1 2i_ s )^- 

Notice that the formula for ^2i^k^2) works also for k = 1. Hence the last term is 

d (2e { ^d^ +1 A - 2(n - A + 2xid 1 fc+1 A' 
Finally we have 

V2/2 = (2a + 2(n - l)c - 2(n - l)d + 2(a - S))8fA 
+ (4a-26 + 2d)xi5f +1 A 

+ (2&-4c + 2d)^ 1) d 1 fe+1 A. 

We already observed that with the coefficients d and b we can get anything, hence we 
can disregard the terms with 3^ _1 A and d^A. What's left gives rise to a linear system 
with matrix 

/ 2 n-l \ 

1 2(n - 1) (n - 2) 
4-2 2 

\0 2 -4 2 / 

whose determinant is 32 (n 2 — n). Hence for n > 2 this matrix is non-singular, and this 
allows us to solve the system for all values of a, b, c and d, and of course for any k > 0. 

Using the Remark [21 we can easily see that in order to get an /2 for any of the /1 
we found, we still need to solve the system of equations 

V1/2 = fi 
V2/2 = djh. 

We have for j ^ 1 

8 j f 1 = 65 1 2 A + (axi + ^ 1) )9 i 5 1 2 A 
= bdfA - (an + &e5 1) )V? ) ^i A 

= fed 2 A - V? } {[ax x + be ( ^)dfAj + (a + (n - 2)6)d 2 A. 



Also, 

V? ((ax: + tef^A) = ^V 2 (e?> • (axi + ^^a) - ^e^A. 
On the other hand, 

Vi (e^ • (axi + 6eS 1} )a 2 A) = (n - l)(axi + 6ef } )^A + e^dfA. 
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Using what we have proved above, it's now clear that it's more than enough to solve 
the system 



Vi/ 2 = aeP%A 
V 2 / 2 = be^d^A, 

where a and b are arbitrary coefficients, and k > is an integer. 
We leave the problem of finding a solution to this system open. 



5. Actions on alternating and symmetric polynomials 

We stick to the notation e& := efc(x 2 ,X3, ■ ■ ■ ,x n ), while e (* 1 ' i2 > , "> tr ) indicates the ele- 
mentary symmetric function of degree k in the variables {X2, £3, • • • , x n }\{ii, 12, . . . , i r }. 
We recall also the obvious relations 

p. (h,i2,...,i r ) _ (ii,h,—,ir,j) „„J J«1.«2>-,V) _ Ah,i2,-,ir,j) 1 {h,i2,-,ir,j) 

°i e k — e k-i ' ana e k — e k + x i e k-i 

for j G {x 2 ,x 3 , . .. ,x n } \ {ii,i 2 , ■ ■ .,«V}- 

We remark also that all the identities that we are going to prove will remain valid 
for elementary functions in any subset of the variables involved, as long as we replace 
n by the number of variables involved plus one. 

Another basic observation is that the elementary symmetric functions e^'s and the 
A • e\'s, where A runs over all partitions, form a basis of symmetric and alternating 
polynomials respectively. 

We are going to use all this without mentioning it anymore along the way. Note 
also that we leave without proof the identities that have been already proved in the 
previous sections. 

In what follows g will be a symmetric functions in the variables X2,x$, . . . , x n . 
The action of Vi on symmetric functions is described by the identity 

Vie fc = {n- k)e k -i 

together with Leibniz rule. 

The action on alternating functions now follows immediately from this one and 
Leibniz rule: 

V!(A« 5 ) = (VA«) 5 + A«(Vi<7) = A«(V l5 ). 

The following identity together with Leibniz rule describes the action of the laplacian 
on symmetric functions. 

Lemma 5.1. For k > h we have 

h-i 

V 2 (e fc e ft ) = 2(n - k)e k -ie h -i - 2^(fc -h + 2i)ejfc +i _ 1 e/ l _ i _i. 

i=l 
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Proof. We proceed by multiple induction on k, h and n. 

n 

V 2 (e fc e/ l ) = 2 dje k dje h 

3=1 

n 

n-1 

+ 2^0,( e W + x n et) 1 ).5,(ef 

n— 1 n— 1 

= 2 e w e w + 2 £ ^4 n) ^4 n) + 2 £ 9 3 x4"'s, e w 

J'=l 3=1 

+ 2 £ x»SieW Sie W + 2 £ ^eft 

J'=l 3=1 

h-1 

In) (n) , , -i\Jn) (n) \^fL. > , -\Jn) J n ) 



= 2 e W e W + 2(n _ fc _ 1)e W e W _ 2 _ * + 2,)e^_ 1 e^_ 1 

t=l 

+ *n Un - k - l)eW e W _ 2 1> - + 1 + 2i)4 n i-i4-V 2 
V i=l 

+ 2(n - fc)e&e& _ 2^(k-h - 1 + ^e^) 

i=i / 



= 2(n - fc)eW e W - 2 J> - fc + 2i)ea_ 1 4 n i-l 

i=l 

+ x n ( 2(n - fc) ( 4-i4-2 + 4-24-1 



i=l 

fc.-2 

-j-2 

i=l 

h-1 



+ ^ 2(n - fc)eW - 2 J> - + 



= 2(n - fc)efc_ie/ l _i - 2^(A; - fc + 2i)efc + i-ie/,_i_i. 

i=l 

The base cases are trivial. □ 
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The action of the laplacian on alternating functions now follows from 
where 



2<i<j<n J 



the formula 



(n - k + l\ 
Pie-k = - ( 2 I efc " 2 ' 



and Leibniz rule. 

The following identity together with Leibniz rule describes the action of the operator 
D\ on symmetric functions. 

Lemma 5.2. For k > h, 

h-l 

Di{e k e h ) = 2^(k -h + l + 2i)e fc+i e/ l _i_ i . 
j=0 

Proof. We proceed by multiple induction on k, h and n. 

n 

Di(e k e h ) = 2^r j Xid i e k d i e h 



=2 

n 

i=2 

n-1 

— 2Xn6(._j6/!_j ~l~ 2 ^ ^ Xjdj^Cfe + X n &^_^)di((iy l + ^n^_j) 
j=2 
n-1 

= 2x n e fc _ 1 e /l _ 1 + 2^Xj3ie fc 

j=2 

n-1 



i=2 
n-1 

+ ^ x n Xjdje k _ 1 dje h _ 1 

i=2 

h-l 

» » 

-1-i 

i=0 

'fr.-2 fr.-l 

» >) 

K h-l-i 

a=0 
h-2 



= 2*4^1 + 2j> - h + 1 + 20e& e £ 

i=0 

/h.-2 fr.-l 

+ 2x n K> - + 2 + MjejMV. + J> - h + 2 *')4-i + ^i 
\i=0 
/i-2 



i=0 
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2E(*-fc + l + 2i)ea«4? w 
i=0 

fh-2 h-1 



+ 2 Xn [Yl(k-h+i + ^tUT-^ + E( fc - h + 1 + 2i )4- ) i +i 4- ) i 

\i=0 i=0 

+ 2^2(fc-fe + l + 2i) e W 1+i eW 



^h-2-% 
i=0 
h-1 

= 2^2(k - h + 1 + 2i)e fc+i e /l _i_ i . 
i=0 

The base cases are trivial. □ 
We have 

-L j D 1 (AVg) = (2P 1 + D 1 )g, 

where 

P\:= ^2 — - — (xidi-Xjd. 



2<i<j<n J 



J i 



We have the following identity, whose proof is analogous to the one of the identities 
©: 

Piek = \™ 2 ^) e k-i- 

All this together with Leibniz rule describes the action of D\ on alternating polynomi- 
als. 

The following identity together with Leibniz rule describes the action of the operator 
Z>2 on symmetric functions. 

Lemma 5.3. For k > h > I, 

/ 1-\ h-1 

£>2(e k e h ei) = 6 ^ ^(A; -h + l+j + 2i)e fc+i+i e /l _i_ i e z _i_ i 



j=0 i=0 



1-2 l-l-j 

+j£h—l+i e l—l—i-j 

j=0 i=l 



Proof. We proceed by multiple induction on k, h, I and n. 

1 ~ n 
-D 2 (e k e h ei) = } Xidje k die h d^ 



i=2 



i=2 
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n-l 

J n ) >) P ( n ) ±r T .fl>)fl. P ( ,, )/).>) 

i=2 
/n-l 

+ x 2 I Vx- (d e {n) d e {n) d-e {n) + d-e {n) d-e {n) d-e {n) + d e {n) d e {n) d e {n) 



+ x 



\i=2 
n-l 

+ x 3S Tx d e {n) d-e {n) de [n) 

' x n Z__, J '^ cy ^ e A : -l L '^ e /l-l ly^e Z-l• 
^=2 



At this point we use induction, replacing the suitable terms by our formula. To be 
more efficient, we analyze the expansion with respect to powers of x n . 
For the factor of x n we get 



3=0 j=0 
3=0 i=0 
3=0 i=0 
3=0 i=l 

- E EV - I - 1 + 3 + 2i)eW e^W^ . 

3=0 i=l 

" E EV - ^ + 1 + i + 2i)eW e W ^("^ .. 
3=0 i=l 

Rearranging the terms we get what we want: 

1-2 h-l 



££(fc_JH-l+j+2i) ( e K i+ ,e£ 



) >) ,„(«) >) >) ■ >) >) >) 

2-i^l-l-j ~ e fc+i+3 /i-l-i Z-2-j ^ e fc-l+i+3 e /i-l-i e /-l-j 



3=0 i=0 



i-2 2-1-3 

- V V (h-l+i+2i) (e (n) e {n) e {n) + e (n) e (n) e (n) + e (n) e (n) e (n) 

3=0 i=l 

Analogously for the factor of x\. What is left is already what we want. 

The base cases are trivial. □ 
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We have 



-Lz> 2 (AW<7) = (6Q 2 + 3P 2 + 1)2)5, 



where 



and 



n (?) 

J = 1 i<fc l x J d 'i)\- L 3 x k) 



°2-= ^ — - — (xidf-xjd: 



X 2 X >i 

l<i<j<n J 



The following Lemma together with Leibniz rule describes the action of Q2 on sym- 
metric polynomials. 



Lemma 5.4. We have 



(n - k + 1\ 
Q2ek = - ( 3 ) ek-2- 



Proof. It's clear that we have the following relations: 

(il,i 2 ,...,ir) _ Jii,i2,-,ir,j) 1 (*l.ia,-.*r,i) 
c m c, m x J c m— 1 ' 

for all j ^ . . . , i r }. We are going to use them repeatedly without mentioning it. 
For 2 < i < j < k < n we have 

Xjdje m Xidie m x\^d^e m 

+ 7 77 7 + ' 



{Xj Xj)(Xj Xfc) {Xi Xj)(Xj Xfc) (Xfc Xi){X]^ Xj) 

Xj(xi Xk)e m _^ + Xi(xj x/ c )e m _-^ -\- x^ixi x j^m—i 

[Xi Xj)(x^ Xfc)(Xj Xfc) 

(Xj{xf c Xi)e^_-^ + Xi{xj Xfc)e^_j + Xfc(xj x j)&rn— 1\ 
(Xj Xj)^Xj Xfc^Xfc Xj) / 

Clearly the denominator divides the numerator, but we want to compute the quotient. 
The numerator is equal to 

(xfc — Xi)(xje^_ l ) + XjX/ c (e^ 1 — e^_ x ) + Xj{xie TI ]_ l — xj ; e m _ 1 ) = 

= { x k ~ x i){ x j e m—l) x i x k{.Xi ~ Xk)e* m ^2 "I" Xj(X{ — X/ C )e^ 1 _^ 
/ w (j) (i,k) (i,k) \ 

— (Xk — x i)(Xje m _ 1 — XjXfce m _ 2 — x je m _ 1 ). 
The second factor of the last term is equal to 

ry . £) \ ' ' I ly . rp . £> K ^ ' _l_ rp . rp , tZ> _1_ 'T* ■ 'T* ■ T* t fZI I 

•\7 e m-l ^ x J x « e m-2 ^ x J x fc e m-2 ^ x « x .J x fc e m-3 ^ 

(i.j.k) (i,i,k) (i,i,k) 2 (m\&) 

XiX] i e m _ 2 x l x J Xke m _ 3 x j e m-l x j e m-2 

— (xjXj + XjXk XjX/j Xj)e m ^ 2 
= (xj — Xj)(xj — Xfc)e^,_2^ '• 
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In conclusion we get 



r\ (« >i>*0 /n - m + l\ 

Q2e m = - 2^ e ™-2 = ~ I 3 J e ™-2, 

2<i<j<k<n ^ ' 

where the last equality comes from counting how many times the monomial X2X3 ■ ■ ■ i ra -i 
shows up. □ 

The following identity together with Leibniz rule describes the action of the operator 
P2 on symmetric functions. 

Lemma 5.5. For k > h, 

( h - x \ 
Pi{e-k£h) = {n-k){n-k-l)e k -ie h -i-{2n-h-k-l) -h + 2i)e k - 1+i e h -i^i . 



Proof. By induction on n: 



P2(ekeh)= 2 ^2 ~~Z — - ( x idiekdie h - Xjdjekdjeh) 



(i) (*) U) (i) 

x * e fc-l e /i-l x J e fc-l e h-l 



2<«<j<n J 

2 E — 

2<«<j<n J 

z Z_> x . _ x . \ Xj [^k-l ^ x J ti k-2j \ K h-l t x jZ h _ 2 
2<i<j<n 1 3 

T . (JW _l T .J < J') , | fp(*>i) 1 ».„(«) 

X .J ^ e fc-l ^ x « e fc-2 y ^ e /i-l ^ x « e /i-2 

^ T . _ . ~~ X i) e fe-l e l-l + XiXj^Xj — Xj)e^2 e l- 

2<i<j'<n 

2 E 

2<i<j<n 

z ^ e fe-l e /i-l x * x ™ e fc-2 e /i-2 

2<i<n 

(*>.?» Jij» (i ,j,n) (i j',n) N 



_ _._.„(*>J')„(»>j) 
fc-l e /i-l x * x .J e fc-2 e h-2 

(i,n) («,n) (*,"■) 



+ 2 £ 

2<«<j<n-l 



-U 9t \" ( ( J.h3,n){i,j,n) (i,j,n) (i,j,n)\ _ f (ij,n) (i,j,n) (i,j,n) Ji,j,n) 

' n Z_^i VV k ~ l h ~ 2 fc -2 h-l J XjX .J ^ e fc-2 e /i-3 1 



fc-3 e /i-2 



2<«<j<n-l 



(i,j,n) (i,j,n) (i,j,n) 



, o 2 LM.») P W.»)_ T ... P 
^ zx n ^ e fe-2 e h-2 J-iJ-jC 

2<«<j<n-l 



^J^kS e h-3 



2i 



<h-l 



— 2 ^ die k die h 2x n ^ %idie k _ 1 die h _ 1 

2<i<n 2<i<n 

+ (n — k — l)(n — k — 2)4j ) 1 4-i — (2n — h — k — 3) { - /i + 2z)e£ 

\i=i 

+ x n [(n - fc - l)(n - A; - 2)4" ) 1 4_ 2 - (2n - h- k - 2) (^{k -h + l + 2i)e < k n \ +i e 



l+i h-l-t 

i=l / 

(«) 
h-2- 



+ x n Un - k){n -k- l)4- 2 4-i - (2?i -h — k — 2) { £(A - - 1 + 2i)e£. ) 2+i e{2 1 _ i 



<i=l 
'/i-2 



+ (n - fc)(n - fc - l)etVr 2 - (2n - - fc - 1) J> - + ^K-Wi' 



2-j 



We have 



2<i<n 2<i<n 



Hence 



P 2 (e fc e,) = 2(n - fc - 1)^ - 2 £> - h + 2i)e k %_ 1 e^ i _ 1 

Ch-2 
2 J2(k-h + l + 2i)e k n } 1+l e 
i=0 

+ (n - k - l)(n - k - 2)ejW ejft — (2n — h — k — 3) I J> - A + 2i) C j&^ e £ , 1 _ i J 
+ x n ^(n - k - l)(n - fc - 2)4l ) 1 4- ) 2 - (2n - - fc - 2) ^£(fc " ^ + 1 + 2 04-i-H e & 
+ x n ((n - k)(n — k - l)4- } 2 4-i -(2n-h-k-2) (J> -/»-! + 2*)ej&*4-i-, 



i=l 

» » 
i=0 / 

M-l 



\ \i=l 

+ L -k)(n-k- l)e { k %e^ 2 - (2n - h - k - 1) (j> - * + M)^? 



2-i 

i=l / 
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'h-\ 

= (n _ k){n _ k _ iJeW^ _ (2n _ h _ fc _ 1} j _ h + 2,>W we W w 

\i=i 

+ x n L - fc)(„ - k - l)e£\eW 2 - (2n — h-k — l) -h + l + 2i)e k n } 1+i e 



h~2 

/i-2-i 

i=l 
h-1 

( n ) J n ) co^, h u i\ I h i i o^„( n ) J n ) 



+ x n f(n - fc)(n — fe — ^e^ei-i - (2n — /t — A; — 1) ^(A; -h-l + 2i)ef2 2+i e%! 1 
+ ((2rt -h-k-l) -2{n-k-l) - (k-h + l))4-i4-2) 



'fc.-2 

+ 4 ((» - k)(n - k - lJe&eSSi - (2* - - A; - 1) ( J> - + 2z)et ) 2+l e (n) 



h-2- 

i=l 



<7i-l 



= (n - k)(n - k - l)e k -\e h -i - (2n - h - k - 1) I ^(A; - /i + 2i)e fc _i + je/ l _i_ 

\i=i 

The base cases are trivial. □ 

All this together with Leibniz rule describes the action of -D 2 on alternating poly- 
nomials. 

5.1. List of Formulae. For convenience and for future reference, we give a list of the 
formulae that we found along the way. In this subsection we state them in terms of 
the variables x±, X2, ■ ■ ■ , x n , adapting the definitions accordingly. 

Here e& will be the elementary symmetric function in n variables of degree k, and g 
a symmetric function in the variables x\, x 2 , ■ ■ ■ , x n . 



5.1.1. Action of Vi. 



5.1.2. Action 0/ V 2 . 



where 



-Vi(A<?) = Vi<?. 
Vie fc = {n-k + l)e fc _i. 



^V 2 (A 5 ) = (V 2 + 2P 2 ) 5 , 



Jul Jb o 

i<«<i<« J 

/n - A; + 2\ 
-fVfc = - e fc _ 2 . 



For k > h we have 

V 2 (e fc e/j) = 2(n - k + l)e k -\e-h-i ~ 2 ^2( k ~ h + tyek+i-ieh-i-i- 



h-l 



i=i 
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If g is a symmetric function, 

[Vi,P 2 ]<? = 0. 

5.1.3. Action of D\. 

^(Ag) = (2P l +D 1 )g, 

where 

Pi := y~] (xidi-Xjdj). 

l<i<j'<n J 

(n-k + l\ 

For k > h, 

h-l 

Di(e k e h ) = 2}^ - h + 1 + 2i)e fc+: ;eh_i_i. 

5.1.4. Action of D 2 . 

^D 2 (Ag) = (6Q 2 + 3P 2 + D 2 )g, 

where 

n (j) ^ 

:= ^ ^2 -, w \ x j9j, 

j =1 i<k \ X j ~ x i)\ x j ~ x k) 

and 

P 2 := £ -^( Xl df-x 3 d]). 

l<j<j'<n J 

/n - k + 2\ 
Q2efc = — I 3 I e fc _ 2 . 

For /e > h, 

/h-l 



P2{ekeh) = {n-k+l)(n-k)e k _ 1 e h _ 1 -(2n-h-k+l) ( ^(k - h + 2i)e k _ 1+i e h . 
For fe > h > I, 



,i=l 



l-l h-l 

D 2 (e k e h ei) = 6 [ J^(fc - /i + 1 + j + 2i)e fc+ 

z-2 z-i-j 

- ^ ( h ~ l + 3 + 2i)e k+j e h - 1+i ei- 1 - i -j 

j=0 1=1 
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6. Singular go-HARMONics 
Warning: in this section we use the notations of section 5. 1 

Recall here that in |HT| Thiery and Hivert stated the conjecture that in the case 
where g is a complex number not of the form —a/b where a S {1, 2, . . . , n} and b € N, 
we have the equality 

^dimn d (H X ; q )t d = [n] t l. 

d>0 

Inspired by a similar definition in |HTj . we define a complex number go singular if the 
Frobenius characteristic F n;qo (t) of the go-harmonics is different from the Frobenius 
characteristic F n {t) = F n; o(t) of the classical harmonics, which is (see [M] ) 

^) = E*a £ * co(T) > 

Ahn. TeST{n) 

where A h n indicates that A is a partition of n, s\ is the Schur function indexed by A, 
ST(X) denotes the set of standard tableaux of shape A, and co(T) denote the cocharge 
of the tableau T. 

One of the main result of this section is the following theorem. 

Theorem 6.1. The values of qo of the form —a/b where a € {1, 2, . . . , n}, b € N and 
b > n are singular. 

Remark. Notice that in the statement we don't require that a and b are coprime. For 
example if n = 6, then we will show that —2/3 is singular, since it can be written as 
-4/6. 

More generally, in this appendix we will investigate the ^o-harmonics for singular 
values of qo. 

Remark. Since the case qo = reduces to the well known case of classical G n -harmonics, 
in this section we will always assume qo 7^ 0. Recall also, from the easy relations 

[Dk;q i Dh;q ] = Qo(k ~ h)D k+h . qQ , 

it follows that a polynomial / is in % X ;qo ^ an d only if 

D Xm f = D 2m f = 0. 
We will use repeatedly this observation without mentioning it anymore. 

In our computer investigations we realized that polynomials of certain forms are 
go-harmonics for special values of go- Using the formulae of the previous section we 
are now able to prove that this is the case. 

First of all we prove that for 1 < k < n and go = —l/(n — k) the alternant Ae^ 
is in %x;<j - This shows immediately that these values of go are singular, since in the 

classical case the only alternant is A in degree 

Theorem 6.2. The polynomial Ae^ is qo-harmonic if and only if k < n and qo = 
-l/(n-k). 
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Proof. Let's look at the action of D\- qo = Vi + qoD\ on Ae k . Using the formulae listed 
in the previous section, we have 

D lm Ae k = (Vi + q D 1 )Ae k = A(V 1 + q (2P 1 + D 1 ))e k 
n-k + l)+2q ( n ~': + 1 )) Ae fc . 



2 

Hence to have Di- qo Ae k = we need to have k < n and 

1 

^° n — k 
Let's now look at D 2 - qo Ae k . We have 

D 2 , qo Ae k = A((V 2 + 2P 2 ) + q (6Q 2 + 3P 2 +D 2 ))e k 

which is for qo = — l/(n — k). □ 

We determine now another class of go-harmonics which will imply the singularity of 
many values of qo. 

Recall that we work in n > 2 variables. 

Theorem 6.3. The polynomial e™(xi,x 2 , . . . , x k ){x\ — x 2 ), with 2 < k < n and m > 1 
is a qo-harmonic if and only if qo = — ^qrj-. 

Proof. Let's look at the action of D\- qo = Vi + qoD\. We have 

Vie™(xi,x 2 , • • .,x k )(xi - x 2 ) = mke™~ 1 (xi,x 2 , . . .,x k )(xi - x 2 ), 

while 

Die™(xi,x 2 , x k )(xi - x 2 ) = 

2 f^J + 2m^ e™ _1 (xi,x 2 , . . . ,x k ){x\ - x 2 ) 
= m(m + 1) e™ _1 (xi,x 2 , . . .,x k )(xi - x 2 ). 

Therefore 

jD 1 ;g ey i (cci,a;2, • • -,x k )(xi - x 2 ) = (km + q m(m + 1)) e" l ~ 1 (x 1 ,x 2 , . . . ,x k ){xi - x 2 ), 

and this is equal to if and only if qo = — ^j-j- . 

We are left to check that also D 2 - qo kills our polynomial. We have 



V 2 eT(xi,X2, ■ ■ .,x k )(xi - x 2 ) = I 2 J 2ke™ (x 1 ,x 2 , . . . ,Xfc)Oi - x 2 ), 

while 

D 2 e™(xi,x 2 , . . .,x k )(xi - x 2 ) = ((^) 6 + 3m(m - 1)^ e™~ 2 (x 1 ,x 2 , . . .,x k )(xi - x 2 ) 

= (m + l)m(m - l)e™~ 2 (xi, x 2 , . . . , Xfc)(xi - x 2 ). 
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Therefore 

D 2 -, qo e™(xi,X 2 , . . . ,X k )(xi - X 2 ) = 



= (m(m - l)k + qo(m + l)m(m - l))e™ 2 {x\, x 2 , ■ ■ ■ , x k ){x\ - x 2 ) = 0. 

□ 

Notice that the degree of the polynomial e™(xi,x 2 , • • • , x k ){x\ — x 2 ) is m + 1, hence 
whenever m + 1 > > by the P rev i° us theorem the value qo = — ^jr[ with 2 < k < n 

is singular. This shows that for each n, all but finitely many of the numbers of the 
form —a/b with a € {1, 2, . . . , n} and b € N (the ones that show up in Conjecture [T]) 
are in fact singular. 

We are now in a position to proof Theorem 16.11 

proof of Theorem \6.1[ For every integer d > 1 and every partition /i of (i we denote by 
the irreducible ©^-representation corresponding to fi. 
Given m > 1 and n > k > 2, for 1 < i, j < n, i 7^ j, we set 



/i=i 



E 



/ \ 

^ e?(x s )(xi -x h ) - e ?( x s)(xj - x h 

{i,h}CSC{l,2,...,n} {j,h}CSC{l,2,...,n} 

V \ s \= k \ s \= k J 



where X5 indicates the set of variables indexed by the elements of S. It's easy to see 
that the map pij 1— > Xj — is an isomorphism of representations of & n . Since clearly 
the Pij's are in the © n -module generated by e™(x\,x 2 , . . . , Xk){x\ — x 2 ), we have just 
showed that this module contains a submodule isomorphic to Vt n —\,i)- 

All this implies the singularity of qo = —a/b with a € {1, 2, . . . , n}, b € N and b > n, 
since in the Frobenius characteristic of the classical harmonics 1) shows up only 
up to degree n — 1. This proves the theorem. □ 

During our computer investigations we realized that we couldn't find an example of 
singular value of qo which is not in the form of Theorem 16.11 
We risk the following conjecture. 

Conjecture 2. The numbers of the form —a/b where a, b G N and b > n > a > 1 are 
the only singular values of qo. 



Acknowledgments 

We are grateful to Adriano Garsia and Nolan Wallach for useful conversations and 
encouragements. The first author is pleased to thank MPIM for partial support. 

30 



Appendix: an fi and an / 2 for <9iA 
Notice that in this section we use notations and results from all the previous sections. 



We want to find now a value of c for which we can find an f 2 for /i ;c , if any exists. 
First we proceed as we did with our first solution. We write 

h-,c = A^g 

and 

9s, c = d s e n — s _ 2 + b s e n - s -^ei + c s e n - s -^e\ + d s e n - s -4e2, 

where the coefficients are determined by the previous equations, and of course they 
depend not only on s, but also on n and c = c(n). Again we get 

n— 3 

xidjfi-c = A (1) ^2(s + l)s(a s+1 e n - s -3 + b s+ ie n - s -4ei + c s+ ie n - s - 5 el + d s+1 e n - s - 5 e 2 ), 



s=0 



and 



J'=2 i=2 j=2 

/ n-2 n-2 > 

= A« 2 £(P l5s;c )x? + £(5 l5s . c )x? 



s=0 s=0 



Now 



^>i5s ;c = 2(n - s - 3)6 s e n _ s _ 3 + (4(n - s - 4) + 2)c s e n ,_ s _ 4 ei 
+ 2(n - s - 5)4e n -s-4ei + 2(n - s - 3)d s e n - s - 3 , 

and 

2Pig S ;c = (s + 2)(s + l)a s e n _ s _ 3 + (s + 3)(s + 2)6 s e n _ s _ 4 ei + (re - l)(n - 2)6 s e n _ s _ 3 
+ (s + 4)(s + 3)c s e n _ s _ 5 ef + 2(ra - l)(re - 2)c s e n _ s _ 4 ei 
+ (s + 4)(s + 3)d s e n _ s _ 5 e 2 + (n - 2) (re - 3)4e„,- s _4ei. 

Hence we can write 

n-2 

-Difi- C = A (1) ^(a s e n _ s _ 3 + b s e n _ s _ 4 ei + c s e n _ s _ 5 ei + d s e n - s ^ 5 e 2 )x s 1 , 
where 

a s := — (s + l)s a s+ i — 2(n — s — 3)6 S — 2(n — s — 3)d s — (s + 2)(s + l)a s — (re — l)(n — 2)6 S 

= -(. + iw-ir+' ( "-"rr""'?' 3 — + c (s+1) '"" 1) + (. + D(-ir) (. + 2) 

\re z — 7 2 n 2 / 

_ (2(n _ s _ 3) + (n _ i )(n _ 2 ))(_i)- ( ^"^"-T)^ +|)(* + 2)(* + 1) 
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2( n _ 8 - 3 )(-l) 8+l u ^ + 3)(« + 2)( S + 1) 



((_l)n-l _ cn ) 

n 2 — 7 



(. 4- 2)(. + !)(-!)• ( i{ - 1] Z~ 7 ^ S(S 2 1] ^ + C ^ + ) (s+1> 

(-l)' ^T^ f3(n-l) (n , + (-l)V 



2n(n 2 - 7) 

(-l) n (21n((-l) n - n)c + 2n 2 - 21n + 7))s 
l)(n 3 + n - 28)c + (-l) n 12n(n - 3) 



-(s + l)s 6 s+ i - (4(n - s - 4) + 2)c s - 2(n - s - 5)d s - (s + 3)(s + 2)6 S 
2(n - l)(n - 2)c s - (n - 2)(n - 3)d s 

_ (s + iw _ irl ((£±ip^) + =) (s + 3)(s , 2) 

( (4 („ - s - 4) + 2) + 2(n - l)(n - 2))(-l)' ^ i^^lz£^ (j + 3 )( S + 2)( S + 1) 



(2(n - s - 5) + (n - 2)(n - 3))(-l) s+l (( - - Cn) {s + 3)(a + 2){s + 1) 

n z — 7 



(, + 3)( S + 2){-iy [ 8{{ ^_^ n) +|)(- + 2)(- + 1) 

( " 1)a (8 + M^-7) + 1) (6(m + ( " ir> + (24cn + 2(_irn2 + 10(_1)n)) ' 

■ s := -(s + l)sc a+ i - (s + 4)(s + 3)c s 

= (-1)' (S + 4K ^ ( 3 J g _ + 7) 2)(g + ^ (3(n - D(cn + (-1)-)), 



-(s + l)s 4+i - (s + 4)(s + 3)4 



-( S +i) S (-ir +2 



((-!)' 



n-l 



cn 



(s + 4)( S + 3)(-l) s+l(( X) 



7 

n-l 



(s + 4)(s + 3)(s + 2) 



cn 



n- 



7 



(a + 3)(* + 2)(s + l) 



( s + 4)( a + 3)(, + 2)( S + l) + 
(n z — 7) 
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To compute D 2 fi-c-, first we have 

n— 4 



s+2 e n _4- s +6s+2 e n -5-sei+c s+2 e n - G - s e\+d s+2 e n -§- s e 2 )x{. 

Then 

n n n n 

J>^f/i; C = 3^(^A( 1 ))x,^ + 3^(5 J A( 1 ))x J 9| 5 + A( 1 )^x^ 

j=2 j=2 j=2 j=2 

n 

= A« ^(6Q 25s;c + 3P 2 <? S;C + 5 25s:c )xf , 
i=2 



where 



Now 



2<i<j<n 



X -i X j 



6Q25«;c = -(s + 3)(s + 2)(s + l)a s e n „ s „ 4 - (s + 4)(s + 3)(s + 2)6 s e n _ s _ 5 ei 

- (s + 5)(s + 4)(s + 3)c s e n _ s _ 6 ef - (s + 5)(s + 4)(s + 3)d s e n _ s _ 6 e 2 

- (n - l)(n - 2)(n - 3)4e„- s _4, 

3-P25s;c = 3(s + 3)(s + 2)6 s e n _ s _ 4 

+ 6(s + 4)(s + 3)c s e n _ s _ 5 ei + 3(n - l)(n - 2)c s e n _ s _ 4 

+ 3(s + 4)(s + 3)d s e n _ s _ 5 ei - 3(n - s - 4)(n + s + l)cZ s e n _ s _4, 

while clearly D 2 g S]C = 0. 
Hence we have 

n— 4 

-D 2 fi; C = A (1) ^(a s e n „ s „ 4 + 6 s e n _ s _ 5 ei + c s e n - s -§e\ + d s e n - s -6e 2 )xl, 

where 

a s := -(s + 2)(s + l)sa s+2 + (s + 3)(s + 2)(s + l)a s + (n-l)(n-2)(n-3)4 

- 3(s + 3)(s + 2)6 S - 3(n - l)(n - 2)c s + 3(n - s - 4)(n + s + 1)4 

,,,,, , / (( — l) n_1 — cn) (s + 1) n — 1 (n — 1) . ._\ . 
= -(* + 2)( S + 1) S (-1) S+2 ( S + 2) ^ 2 _ 7 ^ I J - + c^-^ + (-If J (s + 3) 

-*{((— cn) sis — 1) n — 1 s(n — 1) , ,„\ . 

+ ( S + 3)( s + 2)( s + i)(-ir f u ; 2 _ 7 — - 2 n + c ^- 1 + *(-i) n ) ( s + 1) 
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+ („_!)(„_ 2 )(n - 3)(-l) a+l u ^ -^ (a + 3)(a + 2)(a + 1) 



((_l)n-l _ cn ) 

n 2 — 7 



- 3(a + 3)(a + 2)(-l)« [ <{ +|)(- + 2)(a + 1) 

- 3(n - l)(n - 2)(-l)- (n ~ 1 ^ ) "' 7 1 ) ~ Cn) (, + 3)(a + 2)(a + 1) 

+ 3(n - a - 4)(n + a + - ~ Cn) (a + 3)(a + 2)(a + 1) 

ra z — 7 

= ( - 1) . (l±|fe+%Li) ( , (,-i) (o , + ( -i ) v + 



2n(n 2 - 7) 

+ ((-n(n - l)(ra 2 + 3n + 23))c + (-l) n (-13n - 2n 3 + 9))s 
+ (n(n - l)(2n 3 - n 2 - 15n - 36))c 

+ (-l) n (-3n 3 -8n 2 -6 + 2n 4 -21?i) ) , 



-(a + 2) (a + l)s b s+2 + (s + 4)(s + 3)(a + 2)6 S - 6(a + 4)(s + 3)c s - 3(s + 4)(s + 3)d s 

(-i)' ( ' +4)( ;y n l ( i + 7) 2)(8+1> h<k<» + + i8( - i)1+ " + 2 ™ 3 - 32 ™» • 

:= -(a + 2)(s + l)sc s+2 + (s + 5) (a + 4)(a + 3)c s 

( ^ s (g + 5)(g + 4)(a + 3)(a + 2)(a + l) 
= I" 1 ) 2n(n2 _ 7) (-(3(n-l))(cn + (-l) )) 



( _ 1)8 l» t^ot w-r ^ t.;,t x; 3(cn + ( _ i)n) 



d s := -(a + 2)(a + l)ad s+2 + + 5)(a + 4)(a + 3)d, 
, (a + 5)(a + 4 )(a + 3) (a + 2)(a + 1) 
n 2 — 7 
Again, we set 

A s := a s e n _ s _3 + b s e n — s —^e.\ + c s e n — s —^e-^ + d s e n — s —^e2 

and 

Again, we get 

t^V?(V 2 + 2P2 + V 2 )£o; C = (B s + V 1 A s -(s + l)A s+1 ) + 



si 

-1 



(4) - [ ^(-i)«- 1 -i^v; _1 ~ i (V 2 + 2P 2 + V 2 )A 

Now, 

B s + Vi^ s - (a + l)A+i = 



a! J 

j=0 



3i 



+ (s + 3)a s e n _ s _ 4 + (s + 4)6 S e n _ s _ 5 ei + (n - l)b s e n „ s _ 4 

+ (s + 5)c s e n - s - 6 el + 2(n - l)c s e„_ s _ 5 ei + (s + 5)d s e n _ s _ 6 e 2 + (n - 2)d s e n _ s _ 5 ei 

- (s + l)(a s+ i e n _ s _ 4 + 6 s+ i e n _ s _ 5 ei + c s+ i e n _ s _ 6 e 2 + d s+1 e n _ s _ 6 e 2 ) 

= (a s + (s + 3)a s + (n - 1)6 S - (s + l)a s+ i)e n _ s _ 4 

+ (S, + (s + 4)6, + 2(n - l)c s + (n - 2)J S - (s + l)6 s+ i)e n _ s _ 5 ei 

+ (c s + (s + 5)c s - (s + l)c s+ i)e n _ s _ 6 e 2 

+ (d s + (s + 5)4 - (s + l)J s+ i)e n _ s _ 6 e 2 

= (-l)* (s + y g + 2) ^ + 1) (- n (n - l)(n 2 + 3n - 31)c + (-l) n (-4n 2 - 17 + 41n - 2n 3 ))e n _ s _ 4 
2n[n z — 1) 

t 1 , s (s + 4)(s + 3)(s + 2)(s + l) ^ 
+ ("I) 2ra(re 2 _ 7) (6(m + (-l) ) S 

+ (28n + 2n 3 )c + (-l) n (14 + 4n 2 ))e n _ s _ 5 ei 

+ (. + 5)(. + 4)(. + 8)(. + 2)(. + l) _ + ( _ 1) „ ))en _ i _ 8e5 

2n{n z — 7) 

, / n8 (« + 5)( S + 4)( S + 3)(g + 2)( S + l) 

+ (-!J r~o — ^ (-3(cn + (-l) ))e n _ s _ 6 e 2 . 

(n^ — 7) 

Since 

(V 2 + 2P 2 + V?)(e fc e 2 ) = 2(n - k)(n - l)e fc _iei - 2/ce fc , 

we have 
(V 2 + 2P 2 + V 2 )Aj 



= 2n(j + 4)6 j e n _ i _ 5 + 

+ 4n(j + 5)cje n _j_ 6 ei + 2n(n - l)5j-e n _j_ 5 

+ 2(j + 5)(n - l)J J -e n _ 3 -_ 6 e 1 - 2(n - j - 5)J ? e n „ i „ 5 

_ ( _ 1)J - ( J + 4)b + 3)b- +2)(,- + l) _ , 2 _ 17))6 

(?7, z — 7) 

The second term of the RHS of is 

8-1 ., 

- l](- i ) s-1-i ^ v r 1 ""(V2 + 2P 2 + v?)^ = 
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s\ 1 V V ^ (^ 2 -7) 
+ (-l) n (5n 2 - 17))e n _ J _ 5 



D-ir-^ (<-iy ™±|Kz_p±i) ({3 „3 _ 3 „) C 



3=0 



+ (-l)"(5n 2 -17))|±||e n _ s _ 4 
= (-1)* (a + 3)(a + 2)(s + 1) f -^- ((3n 3 - 3n)c 

+ (_l)«(5n 2 - 17))) e n - s _ 4 

= ( s + 3)(s + 2)(s + l) ( 3 _ 3n)c+ (_i)» (5fl a _ i 7) ) sen _ s _ 4 . 

(n z — 7) 

Finally, we can write Q as 
Vf(V 2 + 2P 2 + V 2 > 0;c = 



( S + 3)! 



3(n-l)( C n+(-iyV 



2?i(n 2 - 7) 

+ (n(n - l)(5n 2 + 3?i + 31)c + (-l) n (7n + 8?i 3 - 17 - 4?i 2 ))s 
+ (-n(n - l)(n 2 + 17n - 68))c + (-l) n (85n - n 3 - 26 - 36n 2 + 2n 4 ) ) 
(a + 4)! 



2n(n 2 - 7) 

(a + 5)! 
2n(n 2 - 7) 



6{cn + (-l) n )s + (28n + 2n 3 )c + (-l) n (14 + 4n 2 ) ) e n _ s _ 5 ei 



+ - V ; T r (3(n - l)(cn + (-l)"))e n _ g _ 6 e 2 



+ ^^lL(-3(cn+(-l)")) eri _,_ 6 e 2 . 
(rr — 7) 

We reduced ourselves to solve this system of equations. We assume that we can find 
a solution of the form: 

(5) (V 2 + 2P 2 + V 2 )<7o ;c = 3!ae n _ 4 + 4!/3e n ,_ 5 ei + 5! 7 e 

n— 

6 e 2 + 5\5e 

where a, (3, 7 and 8 are coefficients depending only on n, and the normalization with 
the factorials is made for convenience in the following computations. 
We have 

Vf (3!ae n _ 4 + 4!/3e n _ 5 ei + 5!7e n _ 6 e 2 + 5!<5e n _ 6 e 2 ) = 



36 



= (a + (3 s(n - 1) + 7 s{s - l)(n - l) 2 + 6 ^ ^ (to - l)(n - 2)) (s + 3)!e n _ s _ 4 

+ (fi + 7 2s(n - 1) + ff a(n - 2))(a + 4)!e n _ s _ 5 ei 
+ 7(s + 5)!e n _ s _ 6 e 2 + <5(s + 5)!e n _< i _ 6 e2. 

Now we have to equate the unknown coefficients to the one we have in the system. 
First we get 

7= 2ra(re2 1 _ 7) (3(n-l)(cTO + (-l)")) and 8 = -^—^ (-3(cn + (-1)")). 
Replacing them in the second coefficient we have 

/3+ ( 2TO(TO2 1 -7) (3(n ~ 1)(cn + ( ~ ir)) ) 2s ( n - 1 )+((^37)(- 3 ( cn + (- 1 ) n ))) < n ~ 



1 



6(cto + {-l) n )s + (28to + 2to 3 )c + (-l) n (14 + 4ra 2 ' 



2to(to 2 - 7) 
from which we get 

P = l I 7 A (n 3 + 14n)c + (-1)"(2to 2 + 7)). 
to(to z — 7) 

From the other equation we get 

a = -( , } f7 , ((?i 3 + 14n)c+(-l) n (2TO 2 + 7)) ) s(n - 1) 
\n(n z — 7) J 

S(S " lKn " (3(n-l)(cTO + (-!)-)) 



2to(to 2 - 7) 
s(s - l)(n - l)(n - 2) 
2(n 2 - 7) ' 



-3(cn + (-!)»)) 



+ 2^)(3(-l)(- + (-l)V 

+ (n(n - l)(5n 2 + 3n + 31)c + (-l) n (7n + 8n 3 - 17 - 4to 2 ))s 

+ (-n(n - 1)(to 2 + 17to - 68))c + (-l) n (85TO - n 3 - 26 - 36to 2 + 2n 4 ; 



1 



(3to(to - 1)(to 2 + to + 2)c + (-l) n (-4n + 4to 3 - 6))s 



2to(to 2 - 7) 

+ (-n(n - 1)(to 2 + 17to - 68))c + (-l) n (-36TO 2 + 85to + 2n 4 - 26 - to 3 

Since we want a depending only on to, we must have 

3to(to - 1)(to 2 + to + 2)c + (-1)™(-4to + 4to 3 - 6) = 0, 

so 

c =(_!)»-! 2(2to 3 -2to-3) 



3to(to-1)(to 2 + to + 2)' 
We determined a value of c for which we reduced all the system to the single equation 
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Before computing the solution of the equation, we compute the explicit formula for 
the fi- c for this value of c: 



(~l) s+ " /at^, o> s2 + ( 2n3 + 6n2 + 15n + 6 ) s ) e «— 2 
bn(n z + n + 2) 



3re(n — IJ(n z + n + 2) 

( g + 3 )( S + 2)( g + l) , 

+ ^-1) 6(n 2 +n + 2) e — ^1 

+ra (s + 3)(s + 2)(s + l)n 

^ 3(n _l )(n 2 +n + 2) e — 4^2, 

and from this we can write a formula for fx. 

Now we substitute the value of c that we have found into the coefficients: 

/ 1 ( 6 ™ 4 + 7 ™ 3 + H^ 2 - 86n - 36) 
a = ^rr^ — 



/3 = (-1)' 



6n(n 2 + n + 2) 
(n + 2)(2n 2 - 4n - 3) 



3n(n-l)(n 2 +n + 2) : 

7 = -(-ir 



2(n 2 + n + 2) 



(n-l)(n 2 +n + 2)' 
We now assume that go is of the form 

u e n ,_ 3 ei + v e n _ 4 e 2 + w e n _ 4 e 2 + y e„_ 5 ef + z e n _ 5 e 2 ei , 

where it, i>, w and 2 are coefficients depending on n which are to be determined. 
For convenience we record the following identities: 

(V 2 + 2P 2 + V 2 )e n _ 5 e 2 ei = 10(n - l)e n _ 6 e 2 + 10ne n _ 6 e 2 + (2n(n - 2) - 2(n - 5))e n 

(V 2 + 2P 2 + V 2 )e n _ 5 ei = 30ne„_ 6 ef + 6n(n - l)e n _ 5 ei; 

(V 2 + 2P 2 + V 2 )e n _ 4 e 2 = 8(n - l)e n _ 5 ei - 2(n - 4)e n _ 4 ; 

(V 2 + 2P 2 + V 2 )e n _ 4 e 2 = 16ne n _ 5 ei + 2n(n - l)e n _ 4 ; 

(V 2 + 2P 2 + V 2 )e n _ 3 ei = 6ne„_ 4 . 

we get 

(V 2 + 2P 2 + Vl)g = 10nze n _ 6 e 2 + (10(n - 1) z + 30?i y) e n _ 6 e 2 

+ ((2n(n - 2) - 2(n - 5))z + 6n(n - l)y + 8(n - l)to + 16n u) e n _ 

+ (— 2(n — 4)u> + 2n(n — l)v + 6n it) e n _ 4 . 
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Equating coefficients we have: 

z = (-1Y 1 — ■ 

1 ' n(ra 2 + n + 2)' 

-2 

y = ( _1 ^n 2 (n 2 + n + 2) ; 

w = — ^ — -((-12n 2 (n 2 + n + 2))u + (12n 4 + 7n 3 + 31n 2 -168n- 

2(n 2 + n + 2)(n 2 - 7) v " v 

« = -7 77—^ -r . „ r — ~ ( ( — 6n 2 ill 2 + 71 + 2) (u — 1) 2 )u 

2(n-l)(n 2 -7)(n 2 + n + 2)n 2 vv v 
+ (6n 6 - 5n 5 + 10n 4 - 138n 3 + 179n 2 - 22n + 60)) , 
and u is arbitrary. Hence we got a family go- u of solutions. 
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